NOTE ON THE SELF-DUALITY OF THE UNRESTRICTED
DISTRIBUTIVE LAW IN COMPLETE LATTICES

BY
H. F. J. LOWIG

ABSTRACT
In this article, a complete lattice in which meets are completely distributive with

respect to joins is defined in such a way that the indefinitely wide class of
all sets is not involved. It is proved that the concept of such a lattice is self-dual.
The following theorem is well-known:

(1) In a lattice, joins are distributive with respect to meets if and only if meets
are distributive with respect to joins.

In his paper [1], George N. Raney proved a theorem containing the following

statement:

(2) In a complete lattice, joins are completely distributive with respect to meets
if and only if meets are completely distributive with respect to joins.

The author of the present note wishes to give another proof of (2), using a method

similar to that by which (1) is usually proved.

NortatioN. L and I are sets, and 4, is a subset of L for every element i of I.
(c;lie ) is the function on I whose value at i is ¢; for every element i of I, and
{c,| i I} is the range of this function. If f is a function, R, is its range. If F is a
mapping of I onto a set of sets, [| F is the cartesian product of F, i.e., the set of
all mappings f of I such that f(i) e F(i) for every element i of 1. The sign []; . 4,
means the same as the sign [](4; |ieI). If X is asubset of a complete lattice,
N X and U X are, respectively, the meet and the join of X. If a,(i € I) are elements
of a complete lattice, the signs N; .;a; and U, . ;q; mean the same as the signs
N{a;|iel} and U{a,|iel}, respectively. We shall not write [[4;, Na; or Ua,
instead of [], ¢ 1 4;, N cra;0r U; .y ay, respectively. If M is aset of sets, [JM is
the set of all mappings ¢ of M such that #(X) e X for every element X of M. This
implies that [[M =T[(X| Xe M) =[x u X.

LeMMA 1. Let g be an element of H(Rflfe]—[i c1A4;). Then there exists an
element i of I such that A;CR,.

Proof. Assume the contrary. Then A; — R, is non-empty for every element
i of I. Hence there exists an element f;, of []; . ; 4; such that

fol)e4; — R,
for every element i of I.
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This implies that

So(i) # g(f)
foriel, fe[] 4;;
jerI
hence
g(fo) # fo(i) for iel,
and

g(_fO)¢Rfo’

contrary to ge[[(Ry; fe]] <14
This proves the lemma.
Henceforth, it is understood that L is a complete lattice.

LEMMA 2.

U nas (U e 11 4}

iel

(It should be observed M A4, is the meet of the set 4; for a fixed i),

Proof. If iel and fe[]; .;4;, then f(i)€ 4;, and
NA; 1) ékUIf (k).
DerINITION 1. We say that meets are completely distributive with respect to joins
in Lif

3) N vx=U N

XeM tellM XeM

or every set M of subsets of L. We say that joins are completely distributive with
respect to meets in L if

4) Unx=N U

XeM teNM XeM

for every set M of subsets of L.
If this definition is accepted the following statement becomes a theorem:
If meets are completely distributive with respect to joins in L then

U4 = U { D|fe ]l 4; }
%) { Ql ! iOIf( )lf jl—e[I ’
If joins are completely distributive with respect to meets in L then
Un4. = n { Urolre Il Aj} .
iel iel jel

The following proof of (2) will include a proof of (5). ((5) does not immediately
follow from Definition 1 because the sets A,(i € I) need not be all different.)
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Let meets be completely distributive with respect to joins in L. Let

N= ‘R,lfe I A,-} .
iel
Then (3) holds with M replaced by N. Hence
(6) N {uRf]fe ‘]'IIA,-} =J .

telIN XeN
Let te[]N. Then
Ry eR, for fe [] A4,.
1el

Hence

(t(R,)|fe IHI A,)e H(R,; fe HIA‘).
€ ie
By Lemma 1, there exists an element i of I such that

4, C__I{t(R);fe j];]IA,}

or, equivalently,
A; C{H(X); XeN},

whence ﬂt(X)é A4,
XeN
Hence
Hx)s N A,.
™ tleDN( )= Qt
By (6) and (7),

n{‘UIf(i)lfe _HIA,} sUn4

iel
Because of Lemma 2,
@® U nA,-=n{Uf(i)|feﬂAj}.
iel iel jel

Let M be any set of subsets of L. Then, for the case that I = M, and Ay =X for
X e M, (8) obviously becomes (4). Hence joins are completely distributive with
respect to meets in L.

By duality, if joins are completely distributive with respect to meets in L, then
the dual of (8) holds, and meets are completely distributive with respect to joins
in L.

Hence (2) and (5) hold.
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